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Sketch of Proof

B. Deng, Y. Shin, L. Lu, Z. Zhang, & G. E. Karniadakis. Convergence rate of DeepONets for learning operators arising from 
advection-diffusion equations. arXiv preprint arXiv:2102.10621, 2021.



DeepONet 



Error Estimates

Lu L, Jin P, Pang G, Zhang Z, Karniadakis GE. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nature Machine 
Intelligence. 2021 Mar;3(3):218-29



Experiment Results: 
Gravity Pendulum

Lu L, Jin P, Pang G, Zhang Z, Karniadakis GE. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nature Machine 
Intelligence. 2021 Mar;3(3):218-29

Test/generalization error:
• Small dataset: exponential convergence
• Large dataset: polynomial rates
• Smaller network has earlier transition point



Experiment Results: 
Advection Equation

Lu L, Jin P, Pang G, Zhang Z, Karniadakis GE. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nature Machine 
Intelligence. 2021 Mar;3(3):218-29



DeepONets for 
learning operator

• DeepONet
• 16 ODEs/PDEs (nonlinear, fractional & stochastic) (Lu et al., 

Nature  Mach Intell, 2021)
• Bubble growth dynamics (Lin, et al., J Chem  Phys, 2021; Lin, 

et al., J Fluid Mech, 2021)
• Linear instability waves in high-speed boundary layers (Di 

Leoni, et al., arXiv:2105.08697)

• DeepM&Mnet
• Electroconvection (Cai, et al., J Comput Phys, 2021)
• Hypersonics (Mao, et al., J Comput Phys, 2021)

• Extensions of DeepONet, e.g., POD-DeepONet, MIO-Net, 
PI-DeepONet, V-DeepONet…



Fourier Neural Operator

Li Z, Kovachki N, Azizzadenesheli K, Liu B, Bhattacharya K, Stuart A, Anandkumar A. Fourier neural operator for parametric partial differential 
equations. arXiv preprint arXiv:2010.08895. 2020 Oct 18.



Structure of FNO

Li Z, Kovachki N, Azizzadenesheli K, Liu B, Bhattacharya K, Stuart A, Anandkumar A. Fourier neural operator for parametric partial differential 
equations. arXiv preprint arXiv:2010.08895. 2020 Oct 18.



Fourier Layer using FFT

Li Z, Kovachki N, Azizzadenesheli K, Liu B, Bhattacharya K, Stuart A, Anandkumar A. Fourier neural operator for parametric partial differential 
equations. arXiv preprint arXiv:2010.08895. 2020 Oct 18.



DeepONet and FNO



Applications of Neural Operators

DeepONet for Approximating Functionals: Predicting unsteady 
pressure and lift/drag-force coefficients
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Applications of Neural Operators

• Rayleigh-Plesset equation is an ordinary differential equation which governs the dynamics of a spherical bubble in an 
infinite body of imcomporessible fluid

• For nanobubbles, the thermal fluctuation cannot be ignored, and trainning data are generated by particle simulation

DeepONet for Bubble Dynamics



Applications of Neural Operators

DeepONet for Bubble Dynamics
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